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Abstract 

In this paper we show how deformation quantization of line bundles over a Poisson 
manifold M produces a canonical action <!> of the Picard group Pic(M) = H 2 (M, Z) on 
the moduli space of equivalence classes of differential star products on M, Defdifi(M). 
The orbits of $ characterize Morita equivalent star products on M. We describe the 
semiclassical limit of $ in terms of the characteristic classes of star products by studying 
the semiclassical geometry of deformed line bundles. 



1 Introduction 

The notion of "representation equivalence" of objects in a given category was first made 
precise by Morita |^] in the context of unital rings. Since then, the concept of Morita 
equivalence has been studied in many other settings, including groupoids, operator algebras 



and Poisson manifolds (see [25] for a unified approach, with original references). 

Connections between noncommutative geometry and M-theory |10| have shown that 
Morita equivalence is related to physical duality [^] ; this motivated the study of the clas- 
sification of quantum tori up to Morita equivalence |3l]]. One can think of (the algebra of 
functions on) quantum tori as objects obtained from (the algebra of functions on) ordinary 
tori, equipped with a constant Poisson structure, by means of strict deformation quantiza- 
tion |30); the classification problem is to determine when constant Poisson structures 9,9' 
on T n give rise to Morita equivalent quantum tori Tg ~ Tg>. 

An analogous problem can be considered in the framework of formal deformation quan- 
tization p (see |33,|37| for surveys). In this approach to quantization, algebras of quantum 
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observables are defined by formal deformations [17| of algebras of classical observables. 



These deformed algebra structures are called star products, and they often (but not al- 
ways) arise as asymptotic expansions of strict quantizations (see Sec. 4] and references 
therein). Unlike strict quantizations, star products have been shown to exist on arbitrary 
Poisson manifolds |2]|. In this paper, we investigate the problem of which star products 
define Morita equivalent deformed algebras. 

We show that deformation quantization of line bundles (see e.g. @) over a Poisson 
manifold (M, tt) produces a canonical action 

$ : Pic(M) x Def diff (M, tt) — ► Def diff (M, tt) 

of the Picard group of M on Def diff (M, tt), the moduli space of equivalence classes of differ- 
ential star products on (M, it). The action 3> characterizes Morita equivalent star products 
on (M, 7r) : * and *' are Morita equivalent if and only if there exists a Poisson diffeomorphism 
ij) : M — ► M so that the equivalence classes an d [*] lie in the same <E>-orbit. 

We use the well-known descriptions of the set Def diff (M, tt) (in terms of Fedosov-Deligne's 
characteristic classes in the symplectic case |j, 11, 13'E3'H]' anc ^ ^ n terms of Kontsevich's 



classes of formal Poisson structures [^] in the case of arbitrary Poisson manifolds) to com- 
pute the semiclassical limit of $ explicitly. This involves the study of the semiclassical limit 
of line bundle deformations over Poisson manifolds. Just as the semiclassical limit of defor- 
mations of the associative algebra structure of C°°(M) gives rise to Poisson structures on 
M || Sec. 19.4], the semiclassical limit of deformed line bundles defines a geometric object 
on the underlying classical line bundle: a contravariant connection [16, 33. Contravariant 



connections are analogous to ordinary connections, but with cotangent vectors playing the 
role of tangent ones. They define a characteristic class on line bundles over Poisson man- 
ifolds, called the Poisson-Chern class. We show explicitly how the semiclassical limit of 
"twists" characteristic classes of star products by Poisson-Chern classes. 

As a result, it follows that, when M is symplectic, with free H 2 (M, Z), the action <J> is 
faithful, and one gets a parametrization of star products Morita equivalent to a fixed one 
(up to isomorphism). The discussion also provides an integrality obstruction for Morita 
equivalent star products in general. In the follow-up paper ||, this integrality condition 
is shown to be related to Dirac's quantization condition for magnetic charges. We remark 
that similar results hold for "strongly" Morita equivalent hermitian star products in the 
sense of |,| (see f§). 

The paper is organized as follows. Section || recalls some of the necessary background: 
Morita equivalence, deformations of associative algebras (star products), deformations of 
finitely generated projective modules (and vector bundles), and Poisson fibred algebra struc- 
tures. In Section || we define the action $ and show how it is related to Morita equivalence. 
In Section || we study the semiclassical geometry of quantum line bundles over Poisson 
manifolds, and show how contravariant connections arise in this context. In Section |H| we 
describe the semiclassical limit of Morita equivalent star products in terms of their charac- 
teristic classes. We have included a summary of standard results on Poisson geometry in 
Appendix |A[ 
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2 Preliminaries 

2.1 Morita equivalence and the Picard group 

For a unital ring TZ, let denote the category of left 7£-modules. 

Definition 2.1 Two unital rings TZ and S are called Morita equivalent if n DJt and s 9Jt are 

equivalent categories. 



Example 2.2 Let TZ be a unital ring and M n (TZ) be the ring of n x n matrices over TZ. 
Given a left IZ-module V , we can define a left M n {TZ) -module J~(V) = V n , with the M n (TZ)- 
action given by matrix operating on vectors. The functor T : t^SR — > Mn(TC) 9JI defines an 



equivalence of categories fr2^, Thm. 17.20], and TZ and M n (TZ) are Morita equivalent. 



Isomorphic rings are Morita equivalent. Properties of a ring TZ which are preserved under 



Morita Equivalence are called Morita invariants. Example |2.2| shows that commutativity is 
not a Morita invariant property. However, properties such as TZ being semisimple, artinian 
and noetherian are Morita invariant. Morita equivalent rings have isomorphic A-theory, 
isomorphic lattice of ideals and isomorphic centers; hence two commutative unital rings are 
Morita equivalent if and only if they are isomorphic |24| , Cor. 18.42]. 

Let TZ and S be unital rings. An (S, 7£)-bimodule s £ n canonically defines a functor 
F= ( s £n ®tz ■) : TC 07t — ^ 5 97t by 

H-rV) = s£ ®k V. 

It is clear that has a natural 5-module structure determined by s{x®v) = sx®v, x S 

£ , v G V. If / : tzVi — > n V2 is a morphism, then we define T{f) ■ s£ <8> K V\ — ► s £ ®tz V2 

by FU)i x ® v ) = x ® f( v )i x e £, v eVi. 

It turns out that this way of constructing functors is very general. It follows from a 
theorem of Eilenberg and Watts Q| that if T : K Wl — > s Wl is an equivalence of categories, 
then there exists a bimodule s £-r such that s 8 ® n ■ = T . Under this identification, the 
composition of functors corresponds to the tensor product of bimodules. 



Example 2.3 In the case of TZ and M n (TZ), the functor described in Example 2.i corre- 
sponds to the bimodule M n (K) 

TZl. 
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Corollary 2.4 Two unital rings TZ and S are Morita equivalent if and only there exist 
bimodules s £ n and n £ s so that n £ ® s £ 1Z = TzTZ n and s £ (8)^ £ s = S S S (as bimodules). 

A bimodule S £ TL establishing a Morita equivalence is called an equivalence bimodule. Morita's 
theorem provides a characterization of such bimodules. 

Definition 2.5 A right IZ-module £ n is called a progenerator if it is finitely generated, 
projective and a generato^. 



Theorem 2.6 (Morita's theorem) Two unital rings TZ and S are Morita equivalent if 
and only if there exists a progenerator right IZ-module £ TC so that S = End- R (5- R ). More- 
over, if s £ n is an equivalence bimodule, then its inverse is given by -^Sg = JIom n (£ n ,TZ). 



Definition 2.7 An idempotent P G M n (TZ) (P 2 = P) is called full if the span of elements 
of the form TPS, with T,S G M n (K), is M n (TZ). 

A finitely generated projective TZ- module £ n = PTZ n (P G M n (1Z) idempotent) is a gener- 



ator if and only if P is full [24, Remark 18.10(D)]. This provides an alternative description 
of Morita equivalent rings. 

Theorem 2.8 1Z and S are Morita equivalent if and only if there exists n € N and a full 
idempotent P 6 M n (K) so that S ^ PM n (K)P = End n (PU n ). 

We note that there is a natural group associated to any unital ring 1Z. 

Definition 2.9 We define Pic(7£) as the group of equivalence classes of self- equivalence 
functors T : n 9Jl — > k^R, with group operation given by composition; equivalently, we can 
viewPic(1Z) as the group of isomorphism classes of (1Z, TZ)- equivalence bimodules with 
group operation given by tensor products (over TZ). 

The group Pic(7£) is called the Picard group of TZ. 

Remark 2.10 Note that if -nS-n is an equivalence bimodule, then the center of TZ need not 
act the same on the left and right of 8. If TZ is commutative and £ is an (TZ,TZ)- equivalence 
bimodule, then there exists an (TZ,TZ)-equivalence bimodule £' satisfying rx = xr, for all 
r G TZ and x € £' , such that £ = £' as right TZ-modules (pick £' of the form PqRJ 1 as a 
right TZ-module and consider the identification TZ — ► PoM n (TZ)Po, r \— > rPo). 

If TZ is commutative, we denote the group of isomorphism classes of (TZ, 7£)-equivalence 
bimodules n £ n satisfying rx = xr, for all x G £, r £ TZ, by Pic n (TZ). 

1 Recall that a right 7?,-module £n is a generator if any other right 7?.-module can be obtained as a 
quotient of a direct sum of copies of £n. 
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Example 2.11 Let 1Z = C°°{M), where M is a smooth manifold. As a consequence of 
Serre-Swan's theorem /Q, Chp. XIV] (here used in the smooth category, where the compact- 
ness assumption can be dropped), Pic c °c (M) (C°°(M)) can be identified with Pic(M), the 
group of isomorphism classes of complex line bundles over M , with group operation given 
by fiberwise tensor product. The Chern class map c\ : Pic(M) — ► H 2 (M,Z,) is a group 
isomorphism JI| Sec. 3.8], and hence Pic c o° (M) (C°°(M)) = H 2 (M,Z). 

2.2 Deformations of associative algebras: star products 

Let k be a commutative, unital ring of characteristic zero, and let A be an associative 
/c-algebra; «4.[[A]] denotes the space of formal power series with coefficients in A. 

Definition 2.12 A formal deformation of A is an associative k[[X]]-bilinear multiplication 
* on A[[X\] of the form 

oo 

A * A' = CM, A')X r , A, A' e A, (2.1) 

where the maps are k-bilinear, and Cq is the original product on A []. 

A formal deformation of A will be denoted by A. = (^[[A]],*). 

Definition 2.13 We say that two formal deformations of A, A\ = («4[[A]],*i) and Aq, = 
(>*4[[A]],*2)) are equivalent if there exist k-linear maps T r : A — ► A, r > 1, so that 
T = id + Y^ =l T r X r :Ai — > A 2 satisfies 

A*! A' = T- 1 {T{A)* 2 T{A')), VA,A'eA[[\}}. (2.2) 

Such a T is called an equivalence transformation. 

The set of equivalence classes of formal deformations of A is denoted by Def (A) . We denote 
the equivalence class of a deformation * by [*]. 

If A is unital, then so is any formal deformation A; moreover, any formal deformation 
of A is equivalent to one for which the unit is the same as for A [|^, Sec. 14]. 

The group of automorphisms of A, Aut(^l), acts on formal deformations by *' = 
if and only if A*' A' = tp~ 1 ( , ip(A)-kip(A')), A, A' £ A. Since any A: [[A]] -algebra isomorphism 
S : (.A[[A]],*) — ► 0A[[A]],*') is of the form S = S + £~ l Ar ^, with fc-linear S r : A — > A, 
and So G Aut(^4), a simple computation shows the following proposition. 

Proposition 2.14 Let* and -k' be formal deformations of A. Then they are isomorphic if 
and only if there exists tp G Aut(^4) with = [*]• 

Let A be commutative and unital. 



2 We extend * to -4[[A]] using A-linearity. 
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Definition 2.15 A Poisson bracket on A is a Lie algebra bracket {•, •} satisfying the Leibniz 
rule 

{A 1 ,A 2 A 3 } = {A l ,A 2 }A 3 + A 2 {A 1 ,A 3 }. 
The pair (A, {•, •}) is called a Poisson algebra. 



For a formal deformation of A ( p.ip , a simple computation using associativity of * shows 
that 

{A 1 ,A 2 } := C 1 (A 1 ,A 2 ) - C 1 (A 2 ,A 1 ) = j(A 1 *A 2 - A 2 *A X ) mod A (2.3) 

is a Poisson bracket on A |], Sect. 16]. It is simple to check that if two formal deformations 
are equivalent, then they determine the same Poisson bracket through ( |2.3| ). 

Let A = C°°{M) be the algebra of complex- valued smooth functions on a smooth 
manifold M. 

Definition 2.16 A formal deformation * = ^2^ C r X r of A is called a star product if 
each C r is a bidifferential operator. 

The set of equivalence classes of star products on M is denoted by Def diff (M). 

A Poisson structure on a manifold M is a Poisson bracket {•, •} on C°°(M); it can be 
equivalently defined by a bivector field tt £ r°°(/\ 2 TM) satisfying [tt,tt] = 0,[] in such a 
way that {/,<?} = ir(df,dg). We call tt a Poisson tensor and (M,tt) a Poisson manifold. 
We let 

Def diff (M, tt) := {[*] € Def diff (M) \f*g-g*f = \ir(<tf, dg) mod A 2 }. (2.4) 

Star products on a Poisson manifold (M, tt) will be assumed to be compatible with the 
given Poisson structure in the sense of 



If * and *' are star products on (M, tt), we remark that, by Proposition 2.14, they are 
isomorphic if and only if there exists a Poisson diffeomorphism ifi : M — ► M such that 

in*')] = M. 



2.3 Deformations of projective modules and vector bundles 

Let A be a unital fc-algebra, and let £ be a right module over A. Let Rq : £ x A — ► £ denote 
the right action of A on £ , Rq(x, A) = x.A. Let A. = (*4[[A]],*) be a formal deformation of 
A and suppose there exist fc-bilinear maps R r : £ x A — ► £ , for r > 1, such that the map 

oo 

R = ^ R r X r : £[[X]) xA — ► £[[X}} (2.5) 

r=0 

makes £ [[A]] into a module over A.. We will write R(x, A) = x • A, for x G £ , A 6 A. 

3 [-,-] is the Schouten bracket [B5| . 
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Definition 2.17 We call £ = (£[[A]], •) a deformation of the right A-module £ correspond- 
ing to A = (*4[[A]],*). Two deformations £ = (£[[A]],»), £' = (£[[A]],»') are equivalent if 
there exists an A-module isomorphism T : £ — ► £' of the form T = id + YlrLi T r \ r , with 
k -linear maps T r : £ — ► £ . 

Suppose £ is finitely generated and projective over A, in which case we can write 
£ = PoA n for some idempotent Pq G M n (A) and n G N. Let .4. be a formal deformation 
of A. It is clear that M n (A) can be identified with M n (*4)[[A]] as a fe[[A]]-module, and 
this identification naturally defines a formal deformation of M n (A) . We recall the following 



well-known fact f[L3L 15, IT 



Lemma 2.18 Let Pq G M n (A) be an idempotent. For any formal deformation A., there 
exists an idempotent P G M n {A) with P = Pq + 0(A). 

We call P a deformation of Pq with respect to A.. The natural right ^.-module structure 
onP*# can then be transfered to Po-4 n [[A]] since P .A n [[A]] 9* P*A n as fc[[A]]-modules. 
An explicit isomorphism is given by the map @ Lem. 2.3] 

J : P ^ n [[A]] — >P*A n , P x^ P* x, (2.6) 



x G .4™. By Lemma p. 18 , deformations of finitely generated projective modules (f.g.p.m. 



always exist (with respect to any A). Moreover, they are unique up to equivalence || 
Prop. 2.6] (and hence necessarily finitely generated and projective over A). We summarize 
these facts in the following proposition. 

Proposition 2.19 Let £ A be a finitely generated projective module over A, and let A = 
(A[[X]],-k) be a formal deformation. Then there exists a deformation of £ A with respect to 
A, and any two such deformations are equivalent. 

A simple computation shows that fullness of idempotents is preserved under deforma- 
tions: 

Lemma 2.20 Let Po G M n (A) be an idempotent and P G M n (A) be a deformation of Pq. 
Then Pq is full if and only if P is full. 



Proposition 2.21 An equivalence bimodule B £ A canonically defines a bijective map <£ £ : 
Dei (A) — > Def(£>) so that formal deformations related by $ are Morita equivalent. 

Proof: Let * be a formal deformation of A, and let £ = (£[[A]], •) be a deformation 
of £ A with respect to *. Then £>[[A]] and End(£) are isomorphic as k[ [A]] -modules. In fact, 
for £ = PqA" 1 , Pq full idempotent, and £ given by (|2.6| ), an explicit isomorphism is (see [0, 
Lem. 2.3]) 

I : P M n (A)P [[X)] — ► P*M n (A)*P, PqLPq^ P*L*P. (2.7) 
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In general, any fixed isomorphism 



B[[X\] End(£) (2i 



induces a formal deformation *' of B, and different choices of ( |2.8[ ) lead to isomorphic 
deformations (not necessarily equivalent). Note that an isomorphism (|2.8| ) also defines a 
left module structure •' on £[[X]] over (£>[[A]], *'), and we can choose ( |2.8| ) so that •' is a 
deformation of the module structure of B £, B •' x = B ■ x + O(A) (this is the case for 
fl2.7| ) ) . A simple computation shows that any two isomorphisms ( |2.8D yielding deformations 
of B £ define equivalent deformations of B. Moreover, it follows from the uniqueness part of 
Proposition |2.19| that this equivalence class does not depend on the choice of • or element 
in [*] € Def(„4). Hence this procedure defines a canonical map 



$ £ : Def(^) — ► Def OB), (2.9) 



which is a bijection J7|, Prop. 3.3]. 



It follows from the construction of & F and Lemma 2.2C that formal deformations related 



by <I> £ are Morita equivalent. □ 

Let A = C°°(M) be the algebra of complex- valued smooth functions on a manifold 
M; by Serre-Swan's theorem, f.g.p.m. over A correspond to (smooth sections of) finite 
dimensional complex vector bundles E — > M. 

For a smooth complex m-dimensional vector bundle E — > M, let £ = T°°(E) be 
the space of smooth sections of E, regarded as a right ^l-module, and B = End^f) = 
r°°(End(£')), the algebra of smooth sections of the endomorphism bundle End(-B) — ► M. 

Let * be a star product on M. 

Definition 2.22 A deformation quantization of E with respect to * is a deformation of 
£ — Y°°(E) in the sense of Definition 2.17 so that the corresponding R r (as in ( \2. 3j ) ) are 
bidifferential operators. 



The explicit map in fl2,6|) shows that the (always existing) deformations of £ can be chosen 
with bidifferential R r (since we are only considering differential star products); therefore 
deformation quantizations of vector bundles exist (with respect to any star product) and 
are unique up to equivalence. 

If we write £ = PqA™, for some idempotent Pq S M n (A), we note that the deformation 
of B induced by the explicit map ( |2.7D as in (|2.8|) is also differential. This gives rise to a 
canonical bijective map (Proposition p.21| ) 

$ e : Def diff (M) — Def diff (r°°(End(£))). (2.10) 
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2.4 Poisson fibred algebras 

Poisson fibred algebras |2j| arise in connection with formal deformations of noncommutative 
algebras, providing a generalization of Poisson algebras. We will recall the definition. 
Let B be a unital fc-algebra, not necessarily commutative, and let Z be its center. 

Definition 2.23 A Poisson fibred algebra structure on (£>, Z) is a bracket 

{;•}: Z x B — > B 

satisfying the following conditions: 

1. The restriction of {•, •} to Z x Z makes Z into a Poisson algebra. 

2. The following Leibniz identities hold 0. 

{Z, B^} = {Z, B 1 }B 2 + Bt{Z, B 2 }, (2.11) 
{Z X Z 2 , B} = Zx{Z 2 , B} + Z 2 {Z h B}. (2.12) 

Suppose A is a commutative, unital A:-algebra, and let Pq G M n (A) be a full idempotent. 
Let A. = (-4[[A]],*) be a formal deformation of A. We keep the notation 



A x *A 2 = ^2c r (A 1 , A 2 )X r , Ax,A 2 eA. 



r=0 

Since A is commutative, it inherits a Poisson algebra structure ( |2.3| ) from * given by 

{Ax,A 2 } :=C 1 {A 1 ,A 2 )-C 1 (A 2 ,A 1 ). 



We saw in Section |2.3| how to define a formal deformation V of B = PoM n (A)Po explicitly 
by choosing an idempotent P € M n {A) deforming Pq: 

L *'S := /^(/(Lo)*/^)) = Y, B r(Lo,S )X r , L ,S € B, 

r=Q 

where I is as in (|3). For M,N G M n (A), let (note the abuse of notation^) 

{M,N}:=d(M,N)-Ci(N,M), (2.13) 

where C±(M, N) G M n (^4) is defined by d (M, iV)^- = J2r=i Ci(M i>rt N r>j ). We will com- 
pute the expression for the bracket in PoM n (A)Po Q M n (A) given by 

{L,S}' :=B 1 (L,S)-B 1 (S,L), L,SgB, (2.14) 

in terms of {•, ■}. 

4 These identities imply that {Z, 1} =Jl, B} = 0, for all Z € Z, Be B. 

5 The bracket in M n (A) defined in ( |2.13| ) induces the bracket {■, ■} on A through the identification of „4 
with the center of M n (A) in the natural way; we denote both brackets by {•, •} by abuse of notation. 
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Proposition 2.24 For all L ,S G P M n (A)P Q , we have {L ,S }' = P {L ,S }P . 

Proof: Since / : P M n {A)P [[\]] — ► P * M n {A) * P and P ★ M n (A) * P C M n (A) = 
M n (A)[[X\], we can write I = X^=o-^A r , where 

4 : PoM„(^)Po — > M n (A). 

A simple computation shows that Io(Lq) = Lq and 

I 1 (L ) = C 1 (P ,L ) + P C 1 (L ,Po) + L P 1 +P 1 L . (2.15) 

The equations P * I(Lq) = I(Lq) and I{Lq) * P = I{Lq) imply that 

P C 1 (P ,L ) + P P 1 L = 0, and d(L , P )P + L PiP = 0. (2.16) 

It follows from (p7l5|) and (pl&]) that P /i(L )Po = 0, for all L G P M„(.4)Po. Note 
that if L + ALi + . . . G P M n (A)P [[\}} and I(L + \L X + ...) = M + AMi + . . . , then 
h(L ) + / (^l) = -M^o) + Li = Mi, and hence 

fb(Ji(Lo) + Li)Pq = Li = P MiP Q . 

But /(L *' 5 ) = J(L ) * I(S ) = L S + A(Ci(L , So) + Wi(S ) + /i(L )S ) + . . . . Thus 

B 1 (L , S ) = Po(Ci(L , S ) + L /i(S Q ) + h{L )S )Po = P Ci(L , S )P , 

by ( [2.16 ), and the result follows. □ 

Let Z denote the center of B = P M n (A)P , Pq G M n (A) full idempotent. The triple 
(B, Z, {•, •}') is a Poisson fibred algebra |2^, Prop. 1.2], and, as such, the restriction of {•, ■}' 
to Z x Z provides Z with the structure of a Poisson algebra. We can identify Z and A 
through the algebra isomorphism ^ : A — > Z, A h- > PqAPo = APo. 

Theorem 2.25 T/ie map ^ : (.A, {•, •}) — > (Z, {•, •}') is an isomorphism of Poisson alge- 
bras. 

Proof: The bracket {-,-}': -Z x B — ► B satisfies ( pUD and ffP^) . As a result, {-,P }' = 
P {-,P }P = and {P ,-}' = P {P ,-}P = 0. It is easy to check that the following 
Leibniz rule holds for {•, •} in M n {A): 

{AM, N} = A{M, N} + M{A, N}, M, N G M n (A), A G A = center (M n (A)). 

Combining these identities, we get 

{tf(Ai), tf(A 2 )}' = {AiP ,A 2 Po}' = {Ai,A 2 }P = *({Ai,A 2 }), 

for Ai,A 2 G A. □ 
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3 Picard groups acting on deformations 



Let A be a commutative, unital /c-algebra. 

By Proposition |2.21| , an (A, ^-equivalence bimodule A £ A canonically defines an auto- 
morphism of the set Def {A) , 

$ £ : Def(A) — > Bef{A). (3.1) 

We observe that the map <& £ only depends on the isomorphism class of £ . We will abuse 
notation and simply write £ to denote its isomorphism class in Pic(.A) or Pic^(*4) (if 
Ax = xA for all x G £, A G A). 

Let A = (A[[\]],*),A' = (A[[\]],*') be formal deformations of A 

Lemma 3.1 The unital k[[X]]-algebras A and A are Morita equivalent if and only if there 
exists £ G Pic A (A) and tp G Aut(_4) with $ s ([*]) = bP* (*')]• 



Proof: If <& £ ([*]) = [V 7 * (*')]) then A and A are Morita equivalent by Propositions |2.14 



and 2.21. Conversely, if A and A are Morita equivalent, then there exists a full idempotent 
P G M n (A) so that A = P*M n (A)*P. By Lemma ^Oj P = P + O{\) with P full. We 
know that (see (pTBT)) P * M n {A) * P is isomorphic to -Po-^n(A.)Po[[A]] as a fc[[A]]-module, 



and since it is also isomorphic to «4[[A]], we must have PoM n (A)Po = A. As in Remark 



2.10 , £ = PqA 11 is an (A, *4)-equivalence bimodule satisfying xA = Ax, for all x G £ and 
A £ A, and A is isomorphic to the deformations in the class 3> £ ([*]). The result then 
follows from Proposition [2.14 . □ 



We recall that the unit element in Pic^(^4) is given by (the isomorphism class of) A A A . 
Lemma 3.2 // A £ A = A A A , then ® £ = id. 

Proof: Let A = (A[[\]],*) be a formal deformation of A. Then A itself, regarded as a 
right module over A, provides a deformation of £ A . Since End.4.(.4.) = A, it follows that 

**([*]) = [*]• ' □ 



Lemma 3.3 Let £, £' G Pic* (.A), and £" = £' ® A £. Then $ £ » = $ £ > o $ £ . 

Proof: Let A = (A[[\]],*), A = (A[[\]],*'), and A" = (A[[\]],*") be formal deformations 
of A so that [*'] = $ £ ([*]) and [*"] = <& £ > ([*']). Let £ be a deformation of £ corresponding 
to *, and £' be a deformation corresponding to *' . We know that A = End„4.(£) and 
A" = End_ / 4'(5 / ). As discussed in Section [O], £' ®j^£ is an (A", .4/)-equivalence bimodule, 
so A" = End^.(5' (8)^' £). Since £' ®^ £ is a f.g.p.m. over A, it follows (see (fO|)) that it 
is of the form V[[A]], where V = £' £/(X£ f £) as a fc-module. But 

£ ' ®ju £/(X£' 8^/ 5) ^ f ' <8u f . 
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Hence £' (g)^/ £ is a deformation of f ' £, and the conclusion follows. □ 
The following lemma is a simple corollary of Theorem 2.25| . 



Lemma 3.4 Lei * = ^2^LoC r X r and = YlrLo C 7 -A r 6e formal deformations of A such 
that [*'] = $ £ ([*]); /or some £ € Pic^(^l). T/ien * and *' correspond to the same Poisson 
bracket, i.e. 

CtiAt, A 2 ) - d(A 2 , A{) = C[(A 1 ,A 2 ) - C[(A 2 , A x ), for all A u A 2 e A. 
As a result, we can state the following theorem. 

Theorem 3.5 Let A be a commutative, unital k-algebra. Then : Pic^(^4.) — > Aut(Def (.4)), 
£ 1 — ^ <I> £ , defines an action of Pic^(^4) on the set Def(^4), preserving Poisson brackets. 
Moreover, two formal deformations of A, * and V, are Morita equivalent if and only if 
there exists ip € Aut(.A) such that [*] and lie in the same orbit of 

4 Semiclassical geometry of quantum line bundles 

Henceforth A = C°°(M), the algebra of complex- valued smooth functions on a manifold 
M, and we will restrict ourselves to differential deformations of A (i.e., star products). As 
we noted in Example 2.11| , Pic(M) = H 2 (M, Z) (group of isomorphism classes of complex 



line bundles over M) can be naturally identified with Pic^(^4) through the map Pic(M) 3 
L^£ = r°°(L) G Pic A (A). 



The following result is a consequence of ( 2.10 ) and Theorem 3.5 . 

Theorem 4.1 Let (M,tt) be a Poisson manifold. There is a canonical action 

$ : Pic(M) x Def dsif (M,vr) — ► Bef m (M, tt), 

and two star products * and *' on (M, tt) are Morita equivalent if and only if there exists a 
Poisson diffeomorphism ip : M — > M such that [*] and [V ; *(*')] ^ e * n ^ e same orbit o/<3?. 

The goal of the remainder of this work is to understand the action <3? and the orbit space 
Def diff (M, 7r) /Pic(M). To this end, we will study the semiclassical geometry of deformed line 
bundles over Poisson manifolds. A comparison between the objects arising as "first-order" 



approximations to deformed vector bundles and the usual notion of Poisson module [2S] is 
discussed in 

Let (M, tt) be a Poisson manifold, and let * = X/r=o C-r^ r be a star product on M 
satisfying 

Ci(/,s) - Ci{gJ) = Tr(df,dg), f,g G C°°(M). 
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Let L — ► M be a complex line bundle over M, and let £ = T°°(L). Let us fix a deformation 
quantization of L with respect to *, £ = (£[[A]],«), and pick *' € 3> £ ([*]). Since A' = 
(C°°(M)[[X]],-k') = End^4,(f ), there is a natural left action of A! on £ that can be written 

oo 

f.'s = fs + Y,K(f,s), 

r=l 

for bidifferential maps R' r : C°°(M) x £ — ► £. It is clear that •', • make S[[X\] into an 
(A', «4)-bimodule. 

Definition 4.2 Zei L M be a complex line bundle over a Poisson manifold M . Fix 
-k = C r X r on M, and = ^ r C' r X r € <I> £ ([*]). .4 irip/e (£[[A]], •, •') is called a bimodule 
quantization of L corresponding to *, 

The following equations relate and •'. 

(f*'g)*s = f.'(g.'s), (4.1) 
«•(/*</) = (s • /)•<?, (4.2) 
= /•'(*•<?)• (4.3) 

Let i? : £ x C°°(M) — > f be defined by 

R(s,f):=R 1 (s,f)-R' 1 (f,s). (4.4) 

Since [*] and <I> £ ([*]) correspond to the Poisson bracket {-,-} on M (by Lemma |3.4| ), we 
may assume Ci = C{ in Definition 4.2 . 

Proposition 4.3 TTie map R is a contravariant connection on L. 

Proof: We must show that R satisfies (|Al|) , (|A.5|) in Appendix |A[ Note that ( fO[) yields, 
in first order, 

i?i (/<?,*) + C[(f,g)s = R'^gs) + fR! 1 (g,s). (4.5) 

Similarly, fl4.3|) yields 

R 1 (s,fg) + S C 1 (f,g) = R 1 (sf,g) + R 1 (s,g)f. (4.6) 
We finally note that (|4.3j ) implies that 

R 1 (fs,g) + R , 1 (f, S )g = R' 1 (f, S g) + fR 1 (s,g). (4.7) 
The difference of equations (|4.5|) and ( |4.6| ) yields 

a) = i?x( S /, 5 ) + fltCa, f)g - R[(f,gs) - fR[(g, s). 
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But, by (gj, JJi(s/, 5 ) = Ri(f,sg) + fRi(s,g) - R' i (f,s)g. This implies that 

R( S ,fg)=fR(s,g)+gR(sJ), 

proving that ( |A.4p is satisfied. Now, switching / and g in Q4.5|), and subtracting it from 
( [Of ) (assuming Ci = C[), we get 

R(sf,g) = {f,g}s + R(s,fg)-gR(s,f) = {f,g}s + fR(s,g), 

proving ( |A.5[ ). □ 

We observe that given * on M, the contravariant connection R on L depends on the 
choice of • and •'. As an example, let us compute it in a concrete situation. 

Example 4.4 Fix n, and let t(C n ) = M x C n — > M be a trivial bundle. Let P G 
M n (C°°(M)) be a rank-one idempotent so that L = Pot(C n ) is a line bundle over M. 
For a fixed star product * on M , we pick an idempotent P = Pq + O(A) G M n (A). Using 
J in $TdQ, and I in $l7\) to establish C[[X]]-module isomorphisms Po^ n [[A]] — > P*A n , 
and PoM n (A)Po[[X\] — > P * M n (A) * P , respectively, an explicit computation (in the spirit 
of Proposition pTIjJ shows that R\(s,f) = PoC\(s,f) and R[(f,s) = PoCi(f,s), where 
Ci(f,s)i = Ci(si,f) and Ci(s,/)j = Ci(/,Sj), i = 1, . . . ,n. Thus 

R(s,f)=P {s,f} = V Xf s, 

where V = Po^ is the adapted connection on L, and Xf the hamiltonian vector field of f . 

Let D be a contravariant connection on L induced by an ordinary connection V (i.e., 
DdfS = Vxf s )- Fi x * on M. It follows from Example |4.4j and Thm. 1.1] that we can 
choose a bimodule quantization of L so that R = D. This in fact holds for any contravariant 
connection (not necessarily induced by an ordinary one), as discussed in M. 

5 The semiclassical limit of Morita equivalent star products 
5.1 Semiclassical curvature 

Let (M, 7r) be a Poisson manifold, and suppose * = C T \ r and *' = YlT=o C r X r are star 

products on M, with C\ = C[ = |{-, •}. We can associate a Poisson cohomology class to 
the pair [★], [★'], measuring the obstruction for these star products being equivalent modulo 
A 3 |, Prop. 3.1]. 

Lemma 5.1 Suppose * and are star products with C\ = C[ = |{-, •}. The map 

(df, dg) i ► (C 2 - C' 2 )U, 9 ) ~ (C 2 - C' 2 )(g, f) 

defines a d w -closed bivector field r G T°°(/\ 2 TM). Moreover, the class [r]^ G H%(M) 
depends only on the equivalence classes of* and*'. 
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Proof: The fact that r is a closed bivector field was proven in ||, Prop. 3.1]. 
Suppose * is a star product equivalent to *: 

oo 

f*g = Y J C r \ r = T-\T{f)*T{g)), 

r=0 

where T = \d + Y!T=i ^rA r is an equivalence transformation. Assume C\ = C\ = |{-, ■}. We 
must show that, if r is the closed bivector given by the skew symmetric part of {C 2 — C 2 ), 
then [f]* = [r] n . The condition C\ = C\ implies that T x G Der(C°°(M)). Hence T\ = C x , 
for some vector field X G A simple computation just using the definitions shows 

that 

t = r — d n X, 

and the result follows. □ 



If M is a symplectic manifold, then the bivector r defines a closed 2-form t by 

r(X f ,X g )=r(df,dg), (5.1) 

where Xf and X g are the hamiltonian vector fields of / and g, respectively. The deRham 
class [r] is the one corresponding to [r] n under the natural isomorphism between de Rham 
and Poisson cohomologies (see ( A.3|) ). We can state 

Lemma 5.2 Let M be a symplectic manifold, and let *, *' be star products with C\ = C[ = 
|{-, •}. Then [r] G H% R (M) depends only on [*], [*']. 

Suppose now that * and satisfy G <J> £ ([*]), where £ = T°°(L) for a line bundle 
L — ► M. Let (f[[A]], •, •') be a bimodule quantization of L corresponding to *, Let 
R = R\ — be the contravariant connection on L defined by •, •', and let Qr denote its 
curvature (see Appendix [A]). 

Theorem 5.3 For f,g G C°°(M), s G £, we have r(f,g)s = G R (df,dg)s. 
Proof: From fl4.2|) we get, in second order, 

R' 2 (fg,s) + R' 1 (C[(f,g),s) + C' 2 (f,g) S = R' 2 (f,gs)+R[(f,R , 1 (g,s)) + fR' 2 (g,s). (5.2) 



Similarly, from (4.3) we get 

R 2 (s, fg) + R^s, C x (f, g)) + sC 2 (f, g) = R 2 (sf, g) + R 1 {R 1 {s, f),g) + R 2 (s, f)g. (5.3) 
Finally, from (^^) we have 

R 2 (fs,g) + R 1 (R[(f,s),g) + R 2 (f,s)g = R' 2 (f,sg) + R' 1 (f,R 1 (s,g)) + fR 2 (s,g). (5.4) 
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Since we assume that C\ = C[, subtracting ( |5.2| ) from ( |5.3| ) yields 

R(s, d(f, g)) - R(R(s, f),g) + R(R(s, g), f) 

+ {C 2 -C' 2 ){f,g)s = R' 1 (g,R 1 (s,f))-R' 1 (R , 1 (g,s)J) 

+ R 2 (sf,g)-R 2 (f,gs) 
+ R 2 (sJ)g + R(R 1 (s,g)J) 
+ R(R' 1 (s,f),g)-fR' 2 (g,s) 
+ R' 2 (fg,s)-R 2 (s,fg). 

Using (|5.4j) , we then get 

R(s, Ci(f, g)) - R(R(s, f),g) + R(R(s, g), f) 

+ (C 2 -C' 2 )(f,g)s = R(R' 1 (f,s),g)+R(R 1 (s,g),f) 

+ R 2 (fg,s)-R 2 (s,fg) 
+ R 2 (sf,g)+R 2 (gs,f) 
-R' 2 (f,gs)-R' 2 (g,sf). 



Taking the skew-symmetric part of this equation, and recalling that {/, g} = Ci (/,<?) — 
Ci(g,f), we finally have 

r(f, g)s = R(s, {/, <?}) - R(R(s, f),g) + R(R(s, g),f). 

□ 

Consider the natural map 

i:H 2 (M,Z)^H 2 dR (M). (5.5) 
We denote H 2 R (M,Z) := i(H 2 (M,Z)). 

Corollary 5.4 Suppose * and*' satisfy [V] e £ = F°°(L). Then ^[r]^ = c\(L) G 

H 2 (M,Z), where cf(L) = ir* c\(L) is the Poisson-Chern class of L. In particular, if M is 
symplectic, ^[f] = c\(L) G H 2 R (M, Z). 

Corollary |5.4| provides an integrality obstruction for Morita equivalent star products on 
Poisson manifolds. In the next three subsections, we will interpret these results in terms of 
the characteristic classes of star products. 



5.2 The symplectic case 

If (M, uj) is a symplectic manifold, the set of equivalence classes of star products on M can 
be described in terms of the second de Rham cohomology of M Rp, 14, 27] , 38]: There is 
a bijection 



c:Def diff (M,u;) 



[u] + XH 2 iR {M)[[\]]. 



(5.6) 
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The class c(*) is called the characteristic class of *. 
The following result was proven in [2C, Prop. 6.2]. 



Lemma 5.5 Let *, be star products on M, and let r be the closed 2-form defined in l \5. \ ). 
Then [t\ = j(c(*') - c(*)) mod A. 

In order to study the semiclassical limit of $ : Pic(M) x Def diff (M, tS) — ► Def diff (M, u), 
let S : Hj R (M)[[X]] — ► Hj R (M) be the semiclassical limit map S(£™ =0 [u r )X r ) = [wi]. 
With the identification ( |5.6| ), we may consider S : Def diff (M, u>) — > H 2 R (M). 

Let L — > M be a complex line bundle, and let 6 = T°°{L). 

Theorem 5.6 The following diagram commutes: 



Def dlff (M,Lu) 
s 



H 2 dR {M) 



s 

H 2 dR (M), 



where $ s {[<*]) = H + T" c i( L )- 



Proof: The proof follows directly from Lemma |5.5| and Corollary p. 4 . 



□ 



Recall that Pic(M) ^ H 2 (M,Z) and that the kernel of i (see (|1|) is given by the 
torsion elements in H 2 (M, Z) . We then have the following 

Corollary 5.7 Let (M,uj) be a symplectic manifold, and suppose H 2 (M,Z) is free. Then 
the action $ : H 2 (M,Z) x Def ds# (M, w) — ► De{ diff (M,u>) is faithful. 



Recall that for star products *, *' on M, their relative Deligne class is defined by 
£(★,*') = c (*) - c(*') G XH 2 R (M)[[X]]. We write £(*,★') = Ai (*,*') + 0(A 2 ). We have 
the following immediate consequence of Theorem ^1] phrased in terms of relative classes. 

Corollary 5.8 If*,*' are Morita equivalent star products on a symplectic manifold (M,u), 
then there exists a symplectomorphism ifi : M — ► M such that ^to{*,ip*(*')) G H d n{M ,1) . 
Conversely, for any star product * on M and [a] € H 2 R (M, Z), there is a star product *' 
Morita equivalent to ★ sitc/i i/iaf t(*,*') = ^p[a]A + 0(A 2 ). 

5.3 The Poisson case 

For an arbitrary Poisson manifold (M, n), Kontsevich constructed in [j23] a bijection 

c : Def diff (M,7r) — ► {vr A = vr + Atq + . . . G X 2 (M)[[A]], [vr A ,7r A ] = 0}/F, (5.7) 
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where F is the group {exp(^£l 1 D r X r ), D r £ Der(C°°(M))}, acting on formal Poisson 
structures by T(vr A ) = tt' x if and only if Tr' x {df,dg) = T- 1 TT X (d(T(f)),d(T(g))), for T G F. 
This correspondence is a result of a more general fact p3y : there exists an Loo-quasi- 
isomorphism from the graded Lie algebra of multivectors fields on M (with zero differ- 
ential and Schouten bracket), 0i, into the graded Lie algebra of multidifferential operators 
on M (with Hochschild differential and Gerstenhaber bracket), 02- Given such an U, for 
every formal Poisson structure tt\ we can define a star product * n . by 

oo , r 

f *n x 9-=fg + J2 -rU r (n x A ... A tta)(/ ® g), (5.8) 
— * r\ v ' 

r=l r 

where U T : /\ T Qi — > 92 are the Taylor coefficients of U. Moreover, Kontsevich showed 
that one can choose li\ : Q\ — ► Q2 to be the natural embedding of multivector fields into 
multidifferential operators (note that this embedding does not preserve brackets). 

If ir\ = tt + A7i"i + . . . is a formal Poisson structure on M, the integrability equation 
[tt\, 7T\] = immediately implies that d n TTi = 0. 

Lemma 5.9 // tt\ = tt + \tt\ + . . . and tt' x = tt + Xtt[ + . . . are equivalent formal Poisson 
structures, then [TTi] n = [tt 1 ^. 

Proof: Let T = exp(^^ =1 D r X r ) £ F. A simple computation shows that if T(tt\) = tt' x , 
then 

Tt[ = TT\ — d w Xi , 

where X\ G x(M) is defined by Cxt = F)\. Thus [tti]^ = [tt'i\-k- D 

With the identification given in (|5.?1 ), we define the semiclassical limit map 

S : Def diff (M, tt) — £T*(M), S(M) = [tti] wj 

where [tt\] is the equivalence class of the formal Poisson structure tt\ = tt + Xtt\ + . . . . 

Lemma 5.10 Let * and *' be star products on (M,tt), with c(*) = [tt + A7Ti + . . . ] and 
c(*') = [tt + Xtt'y + ...]. Let r 6e as in Lemma \5. 4 T/ien [t],,- = [^1]^ — [vr^]^. 

Proof: Since in our convention Cf kew = •}, we use Kontsevich's explicit construction 
for the formal Poisson structure \tt\. The expression of Kontsevich's star products in terms 
of the maps U T is 

1 A 2 1 1 

f** x g = f9 + >U l {-TT X ){f®g) + —U 2 {-TT X A-TT X ){f®g)+... 

= f9 + \<df, dg) + \ 2 {\TTi(df, dg) + iw 2 (7r A n)(f ® g)) + . . . 
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Since * is equivalent to * nx , and *' is equivalent to *„./ , by Lemma 5.10 it suffices to com 



pute t for *„., and ★„./ . It is clear from the expression just above that r = 7Q — ir[ 



□ 



Let L — > M be a complex line bundle, and <? = T°°(L). The following result follows 



from Lemma 5.1C and Theorem 5. 



Theorem 5.11 The following diagram commutes: 



Def dlif (M,vr) 
s 

Hl(M) 



Def d ,y(M,7r) 
s 



where $ £ (M) = H - x c i( L ) = H - f^c^L). 

Hence, for a star product * on (M,ir), each element in H%(M, Z) = tc*H% r (M,Z) cor- 
responds to a different equivalence class of star products Morita equivalent to *. Theorem 



5. 11| shows, in particular, that the semiclassical limit of $ is trivial when tt induces the 
trivial map in cohomology; the case tt = will be discussed in Section 5.4. 



A bivector field ix\ on a Poisson manifold (M, tt) is called an infinitesimal deformation 

of 7T if ^71"! = 0. 

Corollary 5.12 Suppose tt\ is an infinitesimal deformation that extends to a formal Pois- 
son structure -k\. Then the same holds for tt\ + a if -^[a]^ € H%(M,Z). 

5.4 Deformations of the zero Poisson structure 



As mentioned in the Section 5.5, Theorem 5.11 does not provide much information about 
the orbits of star products corresponding to the null Poisson structure. We will show that 
the picture, in this case, is analogous to Sections [5]^, |5.3| , but in higher orders of A. 

Let (M, 7r) be a Poisson manifold, with tt = 0. For simplicity, we will identify equivalence 
classes of star products on M with their characteristic classes as in (5.7). In order 
understand the action of $ on Def diff (M, tt), consider the disjoint union 



to 



Def diff (M,7r) = |J DeC ff (M,7r) U [0], 



(5.9) 



m>l 



where [0] denotes the equivalence class of the trivial formal Poisson structure on M, and 
Def d 7 ff (M, tt) is the set of equivalence classes of formal Poisson structures of the form 7r™ = 
A m (yr m + A7r m+ i + 0(A 2 )), 7r m + 0, m > 1. Note that we can decompose each Def d ™ ff (M, tt) 
into a disjoint union of sets Def d ™ ff (M, n m ), given by equivalence classes of formal Poisson 
structures of the form A m (7r m + O(A)) for a fixed Poisson structure 7r m ^ 0. We can always 
choose a star product ★ = Yl^Lo C r X r corresponding to a class in Def™ ff (M, ir m ) with 
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— Co 



C m = 0. It is easy to check that all the results in the previous subsections 



of Section || hold for such star products, with a shift in order by A m . For instance, the same 



arguments as in Theorem 4.1 show that Def™ ff (M, 7r m ) is invariant under $. 

Corollary 5.13 The trivial class [0] is a fixed point for <I>. 

Let S m : Def™ (M,vr m ) — > H*JM) be defined by S m (A m (vr m + A7r m+1 + 0(A 2 ))) = 
[7r m +i] 7rm . Let L — > M be a line bundle and £ = T°°(L). Just as in Theorem 5.11| , one can 
show the following theorem. 



Theorem 5.14 The following diagram commutes: 



Def™(M,7r„ 



HUM) 



3>f 



Def™(M,7r r , 



HLm 



where $e([a]) = [a] - -p 



Hence, for a star product in Def™ ff (M, 7r m ), each element ?,J 
an equivalence class of star products Morita equivalent to it 



„,;, each element in H'* m (M, Z) corresponds to 



A Poisson cohomology, contravariant connections and Poisson- 
Chern classes 

Let [M , 7r) be a Poisson manifold. The Poisson tensor tt defines a bundle morphism 

tt : T*M — >TM, a^vr(-,a), 

inducing a map on sections tt : £lr{M) — > x(-^0- The vector field Tr(df) = Xf is called the 
hamiltonian vector field of /. We can use tt to define a Lie algebra bracket on Q, l (M): 

[a,(3] = -£ jT{a) (3 + £ m a-d{Tr{a,(3)), a.^Q^M). (A.l) 

The map —tt : £7 (M) — > x{M) is a Lie algebra homomorphism, and this makes T*M into 
a iie algebroid (see H Chp. 16]). 

The Poisson tensor tt 6 x 2 (-^0 can be used to define a differential 

d^X^M)— x* +1 (M), d ff = [7r,-] ) (A.2) 

where [•, •] is the Schouten bracket |g5| . 

Definition A.l T/ie cohomology groups of the complex {x*^d n ) are called the Poisson co- 
homology groups of M and denoted H^(M). 
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The map tt induces a map tt* : f2*( A/ ) — ► x*(M) intertwining differentials, and therefore 
gives rise to a morphism in cohomology 

n* : H k dR (M) — » tf*(M), (A.3) 

which is an isomorphism when 7r is symplectic. We define integral (resp. real) Poisson 
cohomology as the image of integral (resp. real) deRham cohomology classes on M under 
vr*, i.e., fl*(M,Z) = tt*H* r (M,Z) (resp. H*(M,R) = n*H* R (M,R)). 

The key ingredient in defining contravariant connections on vector bundles over Poisson 
manifolds is to think of T*M as a "new" tangent bundle to M, using its Lie algebroid 
structure (see []l6f ). 

Let E — > M be a complex vector bundle over a Poisson manifold (M, 7r) . 

Definition A. 2 A contravariant connection on E is a C-linear map D : T°° (J5)®fi (M) — 
r°°(£) so that 

i. ) D fa s = fD a s 

ii. ) D a (fs) = fD a s + a(X f )s, 

for a £ f2 1 (M), / G C°°(M). T/ie curvature o/ a contravariant connection D is the map 
S D : Q}(M) ® O x (M) — ► End(r°°(£;)), 

6£>(a, 0)s = D a Dps - D p D a s + D^s. 

It is easy to see that, if V is any connection (in the usual sense) on E, then it induces a 
contravariant connection by Djf = Vjf, . On symplectic manifolds this is the only way that 
contravariant connections can arise. Thus this notion is mostly important in degenerate 
situations. 

A bilinear map D' : r°°(E) x C°°(M) — ► F°°(E), satisfying 

D'(s,f-g) = D'(s,f)g + D'(s,g)f, (A.4) 
D'(s-f,g) = D'(s,g)f + s{f,g}, (A.5) 

provides an equivalent definition of a contravariant connection. The definitions are related 
by the formula 

D'{s,f) = D df s. 

If E = L — > M is a line bundle, then the curvature 0£> of a contravariant connection 
defines a bivector field on M, closed with respect to d T |3J]. As in the case of usual 
connections, its Poisson cohomology is a well-defined class, independent of the connection. 

Definition A.3 let D be a contravariant connection on a line bundle L — > M , and let Qjj 
be its curvature. We call the class cJ(L) := -^[Qd\-k € H%(M) the Poisson-Chern class of 
L. 

It is clear that cf (L) = vr*(ci(L)). 
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